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See also:

for GPT4 zero shot: Dziri et al, NeurIPS 2023.

for: o3-mini: https://x.com/yuntiandeng/status/1889704768135905332

for DeepSeek R1: https://x.com/nouhadziri/status/1886423897567805835

actual: 278570135

incorrect

https://x.com/yuntiandeng/status/1889704768135905332
https://x.com/nouhadziri/status/1886423897567805835
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Transformer Expressivity

Individual forward pass

inside TC0 or AC0 
(depending on precision assumptions)

Chain of Thought

Turing-complete
chain length = O(TM run time)

...but what about Learnability?

e.g., Hahn 2020; Hao et al 2022; Merrill and 
Sabharwal 2022 e.g., Perez et al 2019
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State Tracking

Hahn, TACL 2020

Theoretical Result:

Any transformer outputting PARITY 
must make errors as inputs get long.
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due to smoothness…

…unless small changes are 
“blown up” by large 
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Operations from original C-RASP 
definitions by Yang&Chiang 2024 (COLM).

Newly added (or modified) positionally-aware 
operations. Needed to model positional encodings.
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Disclaimer: What Theory can('t) do right now

What it says:
● With enough data and a perfect optimizer, 

generalization succeeds
What remains open for theory:
● Training with finite data & real-world optimizers
● How long do training samples have to be?
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addition 
doesn’t 
length 
generalize 
with standard 
positional 
encodings 
(e.g. CITE)
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Well-formed STRIPS:  propositions listed in the effects strictly change value 
when the action is applied

Tracking the state amounts to recognizing 
the language (ab)* ∈ C-RASP. 20
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Theorem (Informal)

For verifying plans for STRIPS domains that are

● delete-free, or
● well-formed

generalization to longer plans and larger domains is expected.

Outside these classes, in general, no generalization is expected.

22



23



23



C-RASP Expressivity Predicts 
Transformer Length Generalization.
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Expressivity

Individual forward pass

inside TC0 or AC0 
(depending on precision assumptions)

Chain of Thought

Turing-complete
chain length = O(TM run time)

Learnability C-RASP ?

Most constructions have been 
only theoretical.

Some papers explicitly report 
difficulty in generalization.
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cf. Deng et al 2023

How learnable is this?

requires copying the input!

Empirically, difficulty in length 
generalization is often reported.

Zhou et al ICLR 2024
Ebrahimi et al, ICML 2026
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then L is definable in TC0.
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COLM 2026
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Let L ⊆ Σ∗. If L has a CoT in C-RASP with

● fixed finite vocabulary Σ
● standard positional encodings

then L is definable in TC0.
Jiang et al, 
ICLR 2026

Kraus et al, 
COLM 2026
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"Signpost" Tokens

Value Change 
Encoding
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Theorem (informal):

Let T be a Turing machine.
There is a C-RASP CoT operating over an 
infinite alphabet, simulating T, when the 
input is interleaved with index tokens.
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S5 State Tracking
Actions:
1 swap E A .
2 swap A B .
3 swap E C .

Adapted CoT Trace:

1 swap E A

2 swap A B

3 swap E C

📖 🐈 �� 🍏��
A Book B Cat C Hat D Dog E Apple

What is in A?

📖🐈 ��🍏 ��
📖🐈 ��🍏 ��

📖🐈 ��🍏 ��

🐈 🎩 🍏🐶

disclaimer: simplified format!
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  swap D A  → A=Cat B=Dog   C=Apple D=Book  E=Hat
  swap B E  → A=Cat B=Hat   C=Apple D=Book  E=Dog
  swap B C  → A=Cat B=Apple C=Hat   D=Book  E=Dog
  swap D E  → A=Cat B=Apple C=Hat   D=Dog   E=Book
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  swap E B  → A=Book B=Dog C=Apple D=Cat   E=Hat
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LLM repeats a transition.

From then on, everything is 
messed up.
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Architectural Constraints C-RASP Predicts 
Generalization

Chain-of-Thought 
is Turing-Complete


